CONVERGENCE OF OFTIMAL
CONTROL ALGORITHMS
by Larry Williamson

The algorithm that we will discuss solves optimal control algorithms of the
form

1
(1) ming(u) = IL(x(t,u),u(t),t)dt + h(x(1,u)), subject to the constraints
0

(2 %x(t,u) = f(x(t,u), u(t),t),tin[0,1], ae.

(3) x(0,u) = x, where :R" xR x[0,1] -~ R,

L:R" x R™ x [0,1] - Rl, hR" - Rl, and u is a bounded measurable

function. Let T betheinterval [0,1].

ASSUMPTION 1:

Thefunctionsf and L above and their partia derivatives

aa_xf’ aa_xL exist and are continuous on Rn X Rm x T. Thefunction h and its

partial derivative aa_xh exist and are continuous.
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ASSUMPTION 2:

For each compact Q [ Rm, there exists M > 0 such that
If(x, u, D <M (x| + 1) foral (x,ut) e R"xQxT and

If (X, u, t) =f(X', u, t)[| <M|x =x|| forall x, x'" € R" ,ueQ,te T.
DEFINITION 1:

Let V bethe set of all non-negative unit measures (probability measures) on

R™. A relaxed control visafunctionv (*): T - V such that there exists

some compact set U such that j dv(t) = 1 = j dv(t) foral tinT.
R™ U

DEFINITION 2:

Letv beameasureinVV andlet @(+,,* ) beacontinuousfunctionin
(x, u, t) . The symbol @ (x,u,t) denotesfor fixed (x,t) , the integral on R™

of @(x,u,t) with respect to the probability measurev, i.e.
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@.(XV.t) = j o(x,u,)dv.
Rm

The relaxed problem is obtained from the original problem (1)-(3) by substi-
tuting the cost

1
(4 go(v)= jOLr(x(t,vx v(t), fdt + hy(x(1v))
for the cost (1) and the differential equation

(5) x(®) = f,(x(¥), v(t), t) = j f(x(1), u, tydv(t)

Rm

for the differential equation (2).

THEOREM 1.
Suppose that assumptions (1) and (2) are satisfied. Then for any

measurable relaxed control v () satisfying

J‘ av(t) = 1 = J‘dv(t) foral tin T, for some compact U [ Rm,
R"™ U

there exists an absolutely continuous functionx( O v): T - R" that isthe
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unique solution to (5) , satisfying x(0,v) = X .

DEFINTION 3: Let A(Ov):T — R" denote the solution of

. 9 T
6) -A(tv) = (a_XH)r (X(tV), V(D). A(t, V), 1)

)
@ @) = (Zh) @)

where H:R"xR" xR"x T R1 is defined by

(8) HOGUAD =\ F(xut) + Lxut) .

DEFINITION 4:

A sequence { v (0O} O°° of relaxed controls convergesin the sense of con-

trol measures (i.s.c.m) to arelaxed control v if for every continuous real-
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valued function g(t,u) defined on T % R™ and every subinterval A of T, the

values I gr(t,vi(t))dt convergeto I g, (t,v(t))dt.
A A

THEOREM 2

Let { vi (0O} 000 be a sequence of relaxed controls such that for some

compact st U OR™, jdv‘(@slsjdv‘(q i=0,1,.... . Thenthere
R™ U

exists arelaxed control v( ) and asubseguenceindexed by a set
K 0{0,1,2, .} suchthat {v'( D} . — V(D) iscm..
DEFINITION 5:

If {(vi, xi, )\i)} _ooo Is a sequence of relaxed controls, corresponding trajec-
1=

tories and multipliers such that v' - v i.scm., X — X uniformly, and

A A uniformly, thenwedenotethisby{(vi,xi,)\i)} _OOO S (v, X, A).
=

In the following lemmas, let U be an arbitrary compact set in R™ and let Sbe

the set of measurable relaxed controls which vanish outside of U.
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Lemmal:

Let g be a continuous function from RPxR™xT into RY. Let Y'( °),
Y () becontinuous functions from T into R™ such that Y'( * ) converges
to Y () uniformly.Let {v'( D}Ooo be a sequence of relaxed controlsin S

that convergesi.s.c.m to arelaxed control v (* ) in S. Then for each subinter

va A of T,

© [g,(v' (0., Ddt -~ [g(¥Y (0, v(r), Dar.
A A

Lemma 2:

Let {yi(- )} iel , Wherel issomeindexing set , be a collection of absolutely

continuous functions from T into R" such that {yi(O)} ig] Or {yi(l)} iel IS

contained in acompact set of R". Letfunctions Y':T ~ R ,iinl, be

defined by

i i, 2
) Y't) = |y | +1.
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If there existsan M > 0 such that |Y (t)| < M OV (t) for amostal tinT,iin|

then theset {y' (* )} i! is equibounded and equicontinuous. If 1={0,1,..} ,
there exists a subsequence indexed by aset K [1{0,1,2...} and an absolutely

continuous function y( * ) such that yi( « ) convergesuniformly toy( ) for
IinK.

Lemma 3: If {xi} _ooo IS a sequence of tragjectories corresponding to a
1=

sequence of relaxed controls { vi} _ooo 0S, then {xi} _ooo IS equibounded
1= 1=

and equicontinuous, and there exists a subsequence indexed by a set

K [{0,1,2...} , and an absolutely continuous X such that {Xi} ieK — X uni-
formly.

Lemmad4: If {(vi, xi)} _ooo IS a sequence of relaxed controls and corre-
|=
. . . i, % i, % - .
sponding trajectories such that { v} 0 O0Sand{x} . 0~ X uniformly ,
i= i=
then the sequence of multipliers { )\i} _ooo IS equibounded and equicontinu-
|=
ous, and there exists a subsequence of { (vi, xi)} _ooo , indexed by some set
|=

K 0{0,1,2...} and an absolutely continuous\  such that {7\i} ieK — A Uni-
formly.

Theorem 3: Let U be an arbitrary compact set in R™ and let S be the set of
measurable relaxed controls which vanish outside of U. If
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{(vi, xi, )\i)} _ * 0 IS a sequence of relaxed controls, corresponding trajecto-
| =
ries, and corresponding multipliers such that {vi} _ooo s, {vi} Y,
1=

i.s.c.m., {xi} — x uniformly, and {Ai} ~ X uniformly. Then x = x(*,v)

and A = A(*,v). Furthermore, given a sequence { (vi,xi ,)\i)} _ooo such that
|=

{ vi} [ S, there always exist a subsequence that satisfies the above hypothe-
ses and conclusions.

ARMIJO GRADIENT ALGORITHM
Step 0: Select abounded measurable function uO. Select a3¢(0,1).
Step 1: Seti =0.

Step 2: Compute xi withu = ui.

Step 3: Compute )\i with x = xi andu = ui.

i Toiey iy i
Step 4: Compute Cg(u')(+) = (%H) (x ().u ()A(C),).
Sep5:Sety = 1.

Step 6: Compute

. 1 . . . .
(1) 6= | L0t U —yHg(e)).u' () -yOg(u) (D) et

. . 1 . . .
+ h(x(1,u' —yOg(u'))) - IOL(x(t,u'),u'(t),t)dt “h(x(1,u")
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+ Yol

Step 7 If e(ui,y) >0,sety = Byandgoto Step 6, elselet

") = ') —yOg(u'() andgoto Step2.

Let U be an arbitrary compact set [ Rm, and let S be the set of measurable
relaxed controls which vanish outside of U.

Definition 6: Forany vin S, a [ Rl, and kO C_ [T x U], let x(-,v,a,k)

denote the sol ution of

(12 %x(t,v,a,k) = If(x(t,v,a,k),u+ak(t,u),t)dv(t) ae.
U

(13) x(0v,a,k) = Xxq -

Let g(v,a,k) denote

(14)

1
g(v,a k) = J‘O[J‘L(x(t,v,a,k),u + ak(t,u),t)dv(t)] dt + h(x(L,v,a,k)) .
U

Definition 7: Define Og(v)(t,u) and [[Og(v)ll,, by

(15) Og(v)(t,u) = %HT(x(t,v),uJ\(t,v),t)
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1 2 1/2
(16) 1T, = Uo[j IBg(v)(tw)l dv(t)]dt}
U

Lemmab: Let {(vi,xiJ\i)}_ ooo be a sequence of relaxed controls and
| =

corresponding trajectories and multipliers converging to (v,X,A) where

vi} [0S, v0OS. Thenfor each a [-1,1], there exists an infinite subset

Jo)0{01,2,..} suchthat . - () .
x(-,v,a,0g(v)) - x(-,v,a,00g(V))

Furthermore, i i J(a) -
g(v,a,tg(v)) - g(v,a,tg(v))

Assumption 3: We will assume also that the functionsf, L and h and their
partial derivatives with respect to x and u up to second order exist and are
continuousin (X, u, t).

Lemma6: Let v O S and X,A beits corresponding trajectory and multiplier.
Then there exists a P > 0 such that

2
(17) [0(v.0,09()) - 9(v.0.0) ~al g | < Pa’ Da O[-1,1].
In particular, there exists an integer (V) such that

(18) g(v,—p'")  0g(v)) - g(v00)+‘3—||mg(v>|| p—||Dg(v>|| .
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Lemma7: Let{ (v',x',)\')} _oo 0 be a sequence of ordinary controls, corre-
| =

sponding trajectories and multipliers converging to (v,X,A) where (vi) S,
vidsS.

2
Suppose |Og(v)||_ > 0. Then thereexistsa d(v) <0. aninteger M > 0, and
Y

an infinite subset K 1 (0,1,2,...) such that

(19) g(v' ~v,,0g(v')) —g(v',0,0) < 8(v) 0i OK,0i =M wherey, isthe

step size that the algorithm would construct instep 7if v = v

Theorem 4: Let { (vi,xi,)\i)} _oo 0 be a sequence of relaxed controls, corre-
| =

sponding trajectories and multipliers constructed by the algorithm. Suppose

that there existsacompact set U [ R™ such that I dvi(-) =1 EJ‘dvi(-) for

R™ U
al i. Let Sbe the set of relaxed controls that vanish outside of U. Then either

the sequence isfinite, in which casethe last element isdesireable, oritis

infinite and every accumulation point of this sequenceisdesireable. i.e.

2 _
I0g(V)||~ = 0if (v,X,A) isan accumulation point. Furthermore, at least
v

one accumulation point exists.
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